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Abstract

Multi-unit particle dampers are passive damping devices involving granular particles in some cavities of a
primary system. The principle behind particle damping is the removal of vibratory energy through losses
that occur during impact of granular particles. This paper presents the results of experimental and
analytical studies of the performance of a multi-unit particle damper in a horizontally vibrating system. An
analytical solution based on the discrete element method is presented. Comparison between the
experimental and analytical results shows that accurate estimates of the rms response of a primary system
can be obtained. It is shown that the response of the primary system depends on the number of cavities and
cavity dimensions.
r 2004 Elsevier Ltd. All rights reserved.
1. Introduction

Particle dampers, also known as shot dampers [1] or granular-fill dampers [2], are passive
damping devices. The principle behind particle damping is the removal of vibratory energy
through losses that occur during impact of granular particles which move freely within the
boundaries of a cavity attached to a primary system. Particle damping with suitable materials can
be performed in a wider temperature range than most other forms of passive damping. Therefore,
it can be applied in extreme temperature environments, where most conventional dampers would
fail. The damping efficiency of particle damping depends on cavity dimensions. When the
see front matter r 2004 Elsevier Ltd. All rights reserved.
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optimum dimensions of the cavity are large, the optimum cavity may not be attached from a
practical design point of view. In such a case, the damper performance is retained when particle
dampers are replaced by multi-unit dampers with a moderate number of small cavities.

Many experimental and analytical studies have demonstrated the effectiveness of particle
dampers [1–14]. Although these studies described the damping effects in detail, most analytical
results have focused on multi-particle single-unit dampers or single-particle multi-unit dampers.
In order to develop a comprehensive design methodology for multi-particle multi-unit dampers (it
is termed ‘multi-unit particle dampers’ as follows), an effective numerical method is required.

The objective of this work is to construct an analytical model for calculating the performance of
multi-unit particle damping using some cylindrical cavities. The model is based on the discrete
element method (also known as ‘DEM’, [15]). First, the validity of the analytical model of a multi-
unit particle damper in a horizontally vibrating system is examined by comparison with
experimental results. Subsequently, the relationship between the behavior of the granular particles
in the cavities and the damper performance is presented. Finally, the influence of the number of
cavities and the cavity dimensions on the damping performance is investigated.
2. Multi-unit particle damper

Fig. 1 shows a model of a multi-unit particle damping system. The x–z plane is parallel to the
horizontal plane. The primary system is constrained to move only in the x-direction. The
harmonic motion of the support point U (amplitude a and angular frequency o) excites the
primary system with linear spring k, mass M and viscous damping c. The primary system has
some cylindrical cavities, which are attached symmetrically with respect to the x-axis. Although
the cavities are not limited in number, the maximum usable number of cavities is 5 in this paper.
When the same amount of granular particles is placed in each cavity of the primary system, as
shown in Fig. 1, each collision of the particles with the wall of the cavities results in an exchange of
momentum and some energy dissipation, attenuating the primary system’s motion.
Fig. 1. Model of a multi-unit particle damping system.
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The effectiveness of the multi-unit particle damper depends particle size and particle number.
Therefore, the motion of all particles should be considered in order to analyze the motion of the
primary system in detail. The equation of motion for particle i is given by

m€pi ¼ F� mg;

Iui ¼ Ti; ð1Þ

where m is the particle mass, I is the moment of inertia of the particle and g is the acceleration
vector due to gravity. p is the position vector of the center of gravity of the particle, u is the
angular velocity vector, and F is the sum of the contact forces acting on the particle. T is the sum
of the torque caused by the contact forces. The dots denote time derivatives. In this study, an
assembly of spherical particles of the same size is used.

The equation of motion for the primary system is expressed as

M €x þ cð _x � _uÞ þ kðx � uÞ ¼ F ;

u ¼ a cos ot; ð2Þ

where F is the component of the contact force of the primary system with the particles in the
direction of excitation and u is the harmonic displacement of the support point. a is the amplitude
and o is the angular frequency.

Although the effect of the behavior of granular particles on the damping efficiency can be
analyzed using Eqs. (1) and (2), it requires considerable computational effort: consequently, the
following approach is used to estimate the effectiveness of the damper. On the assumption that the
behaviors of the granular particles in each cavity are the same, the contact force of the primary
system with all particles can be considered to be equal to the product of the number of cavities and
the contact force of the primary system with the particles in a cavity. Therefore, the particle
number that should be considered in the numerical simulation can be reduced to the particle
number in a cavity. This convenience makes it possible to considerably reduce the calculation
time.

According to the above assumption, the equation of motion for the primary system can be
expressed in the following form instead of Eq. (2):

M €x þ cð _x � _uÞ þ kðx � uÞ ¼ NU � Fu; (3)

where Fu is the component of the contact force of the primary system with the particles in a cavity
along the direction of excitation and NU is the number of cavities.
3. Contact force

Consider the contact problem between two particles i and j. The contact force acting on particle
i can be divided into normal and tangential components. The normal component fn of the contact
force is modeled by the sum of the spring force based on Hertzian contact theory and the damping
force [16] and expressed as in the following Eq. (4). The tangential component ft of the contact
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force is given in Eq. (5), considering Coulomb’s law of friction.

fn ¼ knd
3=2
n þ cnd

1=4
n

_dn; (4)

ft ¼ �mf n
_dt= _dt

�� ��; (5)

where dn and _dn are the normal displacement and velocity of particle i relative to particle j,
respectively. dt is the tangential velocity, and cn and m are the damping constant and the coefficient
of friction between two particles or between a particle and the cavity wall, respectively.

For inter-particle behavior and particle/wall interaction, normal displacement dn is given by

dn ¼ 2r � pj � pi

�� ��; (6)

dn ¼ r � s; (7)

respectively, where r and s are the particle radius and the distance between the center of the
particle and the cavity wall, respectively. p is the position vector of the center of gravity of the
particle.

For particle contact with a cylindrical wall, normal displacement dn is given by

dn ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
ðxi � xMÞ

2
þ ðyi � yMÞ

2
q

þ r � R; (8)

where R and subscript M are the radius and the center of the cylindrical cavity, respectively. xi

and yi are the coordinates of particle i. Therefore, both an inter-particle contact and a particle/
wall contact are realized if dn40:

In Eq. (4), kn is the spring constant and is defined according to the Hertzian contact theory [17].
In the case of the inter-particle contact [17], kn is expressed as

kn ¼

ffiffiffiffiffi
2r

p

3

Ep

1� v2p
; (9)

where E and n are the modulus of the elasticity and the Poisson ratio, respectively. Subscript p

denotes the particle.
In the case of contact between a sphere and the flat wall [17], kn is expressed as

kn ¼
4

ffiffi
r

p

3

EpE0

ð1� v2pÞE0 þ ð1� v20ÞEp

; (10)

where subscript 0 denotes the wall.
In the case of contact between a sphere and the cylindrical wall of the cavity [17], kn is expressed

as

kN ¼

ffiffiffiffiffiffiffiffiffiffiffi
128

9
z

r
EiE0

ð1� n2i ÞE0 þ ð1� n20ÞEi

; (11)

where z is a constant that is dependent on the cavity radius R and particle radius r. When the
particle radius r is constant, the relationship between the cavity radius R and z is shown in Fig. 2
[17]. By using the relationship, the effect of the cavity radius R on the spring constant kn is shown
in Fig. 3. This figure also shows the spring constant kn in the case of contact between a sphere and
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Fig. 2. Relation between the cavity radius R and z (r=0.003m).
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Fig. 3. Influence of the cavity radius on the spring constant (r=0.003m).
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the flat wall. It can be seen that both are almost the same for the cavity radius R40.02m. Thus, in
the case of particle contact with the cylindrical wall, the spring constant kn can be given by Eq.
(10) for R40.02m.

For the damping force in Eq. (4), the damping constant cn is a function of the coefficient e of
restitution [16]. Therefore, the value of cn can be determined by the coefficient e of restitution.

Each particle may be in contact with many other particles and the wall simultaneously.
Therefore, the sum F of the contact force acting on the particle and the sum T of the torque
caused by the contact force are given by

Fi ¼
X

ðfn þ ftÞ; (12)

Ti ¼
X

ðrinij � ftÞ; (13)

where nij is the unit vector from the center of particle i to the center of particle j.
Here, the procedure for calculation is described. First, consider the motion of a particle and

determine the contact force acting on the particle, using Eqs. (4)–(10). Then the same procedure is
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repeated for particles in a cavity. In addition, the component of the contact force acting on the
primary system along the direction of excitation is given by the summation of the contact forces
between the particles and the wall of a granular-particle-filled cylinder. The behavior of the entire
system is determined by the integration of the equations of motion for the primary system (Eq.
(3)) and particles (Eq. (1)) over time.
4. Experimental verification

Fig. 4 shows the experimental apparatus used in this study. The experimental apparatus
consists of the primary structure, and acts as an equivalent single-degree-of-freedom system. The
structure is supported by four leaf springs and the equivalent properties are M=1.319 kg,
c=0.877N s/m and k=3493.2N/m. The particle damper consists of five cylindrical cavities, which
are made of acrylic resin. In Fig. 4, the dimensions of the cavity are R=0.03m and H=0.03m,
where H denotes the maximum height that the particles can reach. The primary system is excited
sinusoidally at the support by means of a horizontally vibrating shaker. The motion of the
primary system was measured with an accelerometer. The impacting granular spherical particles
in each cavity used in this study are made of acrylic resin, and are of uniform size (r=0.003m). To
investigate the effect of the number of cavities on the damping efficiency, 3, 4 and 5 cavities were
partially filled with granular particles of the same number, as shown in Fig. 5.

Fig. 6 shows the comparison between the analytical predictions and measured time history of
the primary system’s motion. This figure shows the steady-state vibration after the transient
response has been allowed to decay. There is little difference between the analytical values and the
experimental values for the time history.

Figs. 7–9 show comparison of the experimental results with the calculated ones. All the figures
show plots of the root mean square (rms) value of the primary system amplitude versus the
frequency (f ¼ o=2p). In these figures, l is the mass ratio, which is the total mass of granular
Fig. 4. Schematic of experimental apparatus.
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Fig. 5. Cavity arrangement.
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Fig. 6. Comparison between experimental and calculated results (a=0.001m, f=8.3Hz, 5 cavities, l=0.098).
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Fig. 7. Comparison between experimental and calculated results (a=0.001m, 4 cavities, l=0.098).

M. Saeki / Journal of Sound and Vibration 281 (2005) 1133–1144 1139



ARTICLE IN PRESS

0.02

0.015

0.005

0
6.8 7.2 7.6 8 8.4 8.8 9.2 9.6

0.01

Frequency (Hz)

r.
m

.s
 v

al
ue

 o
f 

th
e 

pr
im

ar
y 

sy
st

em
 a

m
pl

itu
de

 (
m

)

No damper (Calculated) No damper (Experimental)

� = 0.058 (Calculated) � = 0.058 (Experimental)

� = 0.098 (Calculated) � = 0.098 (Experimental)

Fig. 8. Comparison between experimental and calculated results (a=0.001m, 5 cavities).

0.02

0.015

0.005

0
6.8 7.2 7.6 8 8.4 8.8 9.2 9.6

0.01

Frequency (Hz)

r.
m

.s
 v

al
ue

 o
f 

th
e 

pr
im

ar
y 

sy
st

em
 a

m
pl

itu
de

 (
m

)

No damper (Experimental) No damper (Calculated)

� = 0.098 (Experimental) � = 0.098 (Calculated)

Fig. 9. Comparison between experimental and calculated results (a=0.0005m, 5 cavities, l=0.098).
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particles divided by the mass of the primary system. The computational conditions used for the
simulation are shown in Table 1. In Figs. 7 and 8, the numbers of cavities used are 4 and 5,
respectively. The amplitude is smaller for Fig. 9 than that for Figs. 7 and 8. Clearly, for the range
of system parameters used in the experimental phase of this study, the calculated results reproduce
the experimental results with reasonable accuracy. Therefore, the approach in this study is
effective for estimating the damping effect of multi-unit particle dampers.
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Table 1

Values of parameters in granular materials

Total number 564�957

Diameter (m) 0.006

Density (kg/m3) 1190

Coefficient of friction m 0.52

Damping constant a 0.077

Spring constant (N/m3/2)

Particle–particle 1.0� 107

Particle–wall 1.3� 107

Fig. 10. Behavior of granular materials in a cavity (a=0.001mm, 5 cavities, l=0.058, R=0.03m).
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5. Analytical results

In this section, the effectiveness of the multi-unit particle damper is discussed in terms of the
analytical results. The multi-unit particle damping system is excited by a harmonic motion of its
support, u ¼ a sin ot; as shown in Fig. 1. The computational conditions were carried out under
identical conditions as mentioned in Section 4. Figs. 10 and 11 show examples of the behavior of
granular particles in a cavity obtained by the numerical simulation. In the case of Figs. 10 and 11,
mass ratios l are 0.058 and 0.098, respectively. It is observed that, as time passes, granular
particles move in the direction of excitation. For l=0.058, the motion of the upper layer of
granular particles is very active, as shown in Fig. 10. In the case of Fig. 11, granular particles
move as a lump. The number of particles, which make contact with the floor of the cavity, is larger
for Fig. 11 than for Fig. 10. Thus, the effect of the friction between particles and the cavity wall on
the damping efficiency seems to increase as the mass ratio increases.

Figs. 12 and 13 show plots of the response of the primary system versus the frequency. The
cavity radius is larger for Fig. 13 than for Fig. 12. In Fig. 12, the resonance amplitude of the
primary system decreases as the mass ratio l decreases. It is also found that the maximum
amplitude occurs at a lower frequency for l ¼ 0:098 than for l ¼ 0:058: However, this trend is
different from that in Fig. 13. In the case of Fig. 13, the maximum amplitude occurs at almost the
same frequency and the maximum amplitude is smaller for l ¼ 0:098 than for l ¼ 0:058: The
reason for the difference seems to be that it is more difficult for granular particles to move as the
cavity radius decreases.
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Fig. 11. Behavior of granular materials in a cavity (a=0.001m, 5 cavities, l=0.098, R=0.03m).
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Fig. 12. Response of the primary system amplitude versus the frequency (a=0.001m, 3 cavities, R=0.03m).
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Fig. 13. Response of the primary system amplitude versus the frequency (a=0.001m, 3 cavities, R=0.038m).
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Fig. 14 shows the relationship between the maximum r.m.s. value of the primary system
amplitude and the cavity radius R. This figure also shows the effect of the mass ratio on the
damping performance. In the case of 5 cavities, the maximum rms value of the primary system
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amplitude is always larger for l=0.058 than for l=0.098. This trend is different from that for 3
cavities. For the cavity radius Ro0.032m, the maximum rms value of the primary system
amplitude is smaller for l=0.058 than for l=0.098.

Fig. 15 shows the effect of the unit number on the optimum cavity radius R. The effect of the
cavity radius on the maximum rms value of the primary system amplitude is more significant as
the unit number decreases. For all the cases of cavities used, it is clear that maximum rms values
of the primary system amplitude at the optimum cavity radius are almost the same. In addition,
the optimum cavity radius R decreases with increasing unit number. The reason is that the
mobility of granular particles in a cavity increases as the unit number increases.
6. Conclusions

This paper has presented an analytical model to simulate the damping performance of a multi-
unit particle damper in a horizontally vibrating system. Comparison between the theory and the
experiment was found to be remarkably good. It is shown that the damping performance chiefly
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depends on the relationship between the mass ratio and the number of cavities. It is also shown
that the optimum cavity radius decreases with increasing unit number. Also, for the range of
system parameters used in this study, it is clear that maximum rms values of the primary system
amplitude at the optimum cavity radius are almost the same.
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